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Abstract 

We present a "topological" formulation of arbitrarily shaped vortex strings in 
four dimensional field theory. By using a large Higgs mass expansion, we then 
evaluate the effective action of the closed Abrikosov- Nielsen- Olesen vortex string. 
It is shown that the effective action contains the Nambu-Goto term and an extrin- 
sic curvature squared term with negative sign. We next evaluate the topological 
F^ijF^^ term and find that it becomes the sum of an ordinary self-intersection num- 
ber and Polyakov's self-intersection number of the world sheet swept by the vortex 
string. These self-intersection numbers are related to the self-linking number and 
the total twist number, respectively. Furthermore, the F^yF^^ term turns out to 
be the difference between the sum of the writhing numbers and the linking num- 
bers of the vortex strings at the initial time and the one at the final time. When 
the vortex string is coupled to fermions, the chiral fermion number of the vortex 
string becomes the writhing number (modulo Z) through the chiral anomaly. Our 
formulation is also applied to "global" vortex strings in a model with a broken 
global f/(l) symmetry. 
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1 Introduction 



The study of string-like objects has been actively pursued from both theoretical and experi- 
mental interests in various fields including condensed matter physics and biology. In particle 
physics and cosmology, the topological vortex string arising in field theory is one of the most in- 
teresting string-like objects. In particular, the Abrikosov-Nielsen-Olesen (ANO) vortex string 
is the simplest one that splendidly shows typical properties of the vortex string [|l|. Toward a 
better understanding of the physics on the vortex string, it is important to examine its geo- 
metric and topological properties in four space-time dimensions. We are especially interested 
in four dimensional extrinsic properties such as the entanglement of the vortex strings. For 
studying them, we need a systematic formulation of the vortex string. The method used so far 
in evaluating the effective action of the vortex string in arbitrary shape is based on Forster's 
parameterization of coordinates [Q] and the collective coordinates method . In this method, 
however, the cut-off dependence of the theory is not so clear and topological structures such 
as the self-intersection of the world sheet swept by the vortex string cannot be so easily in- 
vestigated. Therefore, it is desirable to construct a more systematic and efficient formulation 
satisfying the following: (i) changes of the shapes of the vortex strings can be described, (ii) 
using perturbative expansions by appropriate parameters such as coupling constants, masses 
or cut-offs, one can perform systematic approximations, (iii) topological features of the vortex 
string can be easily examined. 

In this paper, we present a "topological" formulation which satisfies the above three re- 
quirements and apply it to the arbitrarily shaped vortex strings in field theories with broken 
local or global U{1) symmetries. This is a relativistic generalization of the "topological" 
formulation used in the study of quantized vortices in superfluid helium 0]. One of the char- 
acteristic features in our formulation is the appearance of an antisymmetric tensor field and a 
so-called topological BF term ||^ . We also adopt a manifestly Lorentz invariant Gaussian-type 
regularization for the 5-functions in vorticity tensor currents. Using our formulation, we first 
evaluate the effective action of the ANO vortex string in the Abelian Higgs model, showing that 
it contains not only the Nambu-Goto term but also an extrinsic curvature squared term with 
negative sign. Second, we examine the topological F^yF^y term, which for example appears as 
the chiral anomaly and the 9 term. The evaluation of this term tells us that there are interest- 
ing relations between several geometric or topological quantities: Polyakov's self-intersection 
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number, ordinary self-intersection number, total twist number, self-linking number, writhing 
number and linking number. The expectation value of the F^^F^i, term turns out to be the 
sum of Polyakov's self-intersection number and the ordinary self-intersection number of the 
world sheet swept by the vortex string at the leading order of our approximation. In addition, 
the Ff^^F^i, term can be written as the difference of the sum of the writhing number and the 
linking number at the final time and the one at the initial time. Furthermore, we discuss 
the chiral fermion number of the ANO vortex strings in arbitrary shape by using the chiral 
anomaly and find it to be the sum of the writhing numbers of each vortex string (modulo Z). 
To make the validity of our formulation clearer, we also study the dynamics of vortex strings in 
a model with a broken global U{1) symmetry. (In cosmology, the former ANO vortex strings 
are called "local strings" and the latter ones are called "global strings".) In both models, it 
is also shown that the large Higgs mass expansions are good approximations. As a whole, it 
is demonstrated that our "topological" formulation is useful to study the "effective" vortex 
strings. (The "effective" vortex string means the vortex string remaining after integration 
over massive fields in field theory.) 

Our formulation can be applied to several phenomenologies, although we do not completely 
discuss them in this paper. First, when we consider grand unified models with extra broken 
U{1) symmetries, then there can exist vortex strings which are topologically stable. Their 
string tension is of order a GUT-scale squared or possibly a fundamental string scale squared 
(because the gauge coupling is smaller than 1). Furthermore, when the models have anomalous 
U{1) symmetries, it is interesting to investigate whether any fermion number can be violated 
through the effect of the vortex string. Second, in the Weinberg-Salam theory, there appears 
the so-called Z string which is equivalent to the ANO vortex string if one neglects other 
degrees of freedom 01- It is a kind of sphaleron 0, which perhaps seems to be related to 
the weak-scale baryogenesis through the chiral anomaly 0. Therefore, the investigation 
of the vortex string in arbitrary shape is important from the point of view of the fermion 



number violation. Third, our theory can be directly applied to the cosmic string model [|TT 



and superconductor systems. Finally, it should be noticed that the study of the effective 
vortex string would give us a new angle in understanding extrinsic properties of fundamental 
strings in four dimensional space-time. 

The paper is organized as follows: in sect. 2 and 3, we study the Abelian Higgs model 
with the vortex string. First, in sect. 2, we present our "topological" formulation and evaluate 
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the effective action of the vortex string. Next, in sect. 3, the F^^F^y term is examined and 
geometric or topological relations are shown. We also discuss the chiral fermion number of 
the vortex string in arbitrary shape. In sect. 4, we examine a model with the broken global 
f/(l) symmetry. In sect. 5, we give conclusions and compare our results with previous ones. 
In appendix A, we explain the relation between Polyakov's self-intersection number and the 
total twist number. In appendix B, we derive the relation between the intersection number 
and the linking number. 

2 "Topological" formulation and the effective action of 
the ANO vortex string 

In this section, we consider the Abelian Higgs model with an arbitrarily shaped vortex string 
in four space-time dimensions. Furthermore, for simplicity we suppose the vortex string to be 
a closed one with circulation number one. It is easy to extend to the case with many vortex 
strings with arbitrary circulation numbers. We always use the Euclidean formulation of field 
theory, so the model is described by the Lagrangian 

C = \f^.F^, + \{d^- teAM-" + 2A(^<^t<^ _ (2.i) 

where is an ordinary U{1) gauge field, (p a complex scalar field and F^^ a field strength 
tensor of A^. The existence of the vortex string with circulation one means that when one 
takes a turn along any closed contour around the vortex string, the phase of the scalar field 
changes by 27r. To get such a phase, we use the solid angle subtended by the vortex string 

e{x-X) = \f rf5'-V^—, (2.2) 
2 Js \x — x'\ 

where 5* is any surface bounded by the vortex string: dS = V, where V = {X((Ti, t); < (Ti < 
27r} and X{ai,t) denotes the position of the vortex string at time t. In terms of this solid 
angle, the scalar field with the vortex string is described by 

ip{x) = exp{i^(a;; X)}^{x), (2.3) 

where (j){x) is a regular function. When we substitute v^(x) in ( p.l|) , the differential term of 
f{x) changes and the covariance of ( |2.1| ) is apparently broken. So we need an alternative 
formulation where the covariance is manifest and it is easier to deal with the vortex string. 
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We propose a manifestly covariant Lagrangian with a topological term and a vorticity 
tensor current, which is equivalent to the original one ( |2.1| ) in the sense explained later: 

1 / 
£ = -Ff,^Fp^ + K^M - ^eAf, - ia^)(l)f + 2AUV " y ) + ^W-^/^^/p- + ^^p^<^p^, (2-4) 

where 

J^^ix) = -47r 1 dVaiX[^92X,]5(^)(a; - X((t)) (2.5) 

is the vorticity tensor current and another U{1) gauge field for the vorticity, B^^, a rank 
two antisymmetric tensor field, f^u a field strength tensor of a^, da = d/daa (a = 1,2) and 
Ay^ByT^ = A^j^By — AijB^. Here X^{ct) denotes the four dimensional location of the vortex 
string, where a = {cri,(J2) are the coordinates which parameterize the world sheet swept by 
the vortex string. 

Actually, variations of (|2.4|) with respect to 5^,^ lead to the constraint e^j,po-/po- + Jf_iu = 
and if we choose the Coulomb gauge diai = and a gauge (T2 = X4 = t, then we get = —d^^O 
and 

(9^ - ieAp) ip = {d^- ieA^ - ia^) (j), (2.6) 

so that this Lagrangian ( p.4|) turns out to be the original one (|2.1|) into which the redefined 
scalar field v^(x) is inserted. From now on, let us use the Lagrangian ( |2.4| ) as our starting 
point for the theory. 

The Lagrangian ( p. 41) has some interesting properties, (i) It has two types of gauge sym- 
metries except the usual U{1) symmetry. The first one is another U{1) gauge symmetry: 
d/j. (111 + d^a and (j) e^°'(f) with an arbitrary regular function a. The second one is given by 
B^u B^i, + dfj_A^ — dyk^, where is also an arbitrary regular function. The corresponding 
conserved tensor current is J^j,, so that the total vorticity / d^xJ^ is conserved, (ii) It has the 
topological term e^,^p^B^^fp^, which is called a BF term. In general the BF term is used in 
evaluating linking numbers which are topological numbers counting how many times a string 
and a two dimensional membrane are entangled in four dimensions [^. The topological BF 
term is a generalization of the Chern-Simons term which plays an important role in the study 
of the quantized Hall effect and anyon systems in 2 + 1 dimensions |jl2|. Furthermore, this 
term appears in various areas of theoretical physics, for example, in models with anomalous 



U(l) charges in superstring theory ||T^ and four dimensional 2-form gravity |jTj]. Through 
this term, we may be able to search some connections between such theories and the present 
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theory on the vortex string, (iii) Since the vortex string coordinates X^{a) are contained only 
in the vorticity tensor current J^,^, which can describe the vortex string in arbitrary shape, 
our formulation is useful in many cases, for example, in cases where the vortex core needs 
regularizing or one derives the equation of motion of the vortex string. 
We are interested in the effective action of the vortex string defined by 

Seff[X] = - In I V(PVAf,Vaf,VB^, exp J d'^xC^ . (2.7) 

This path integral representation is suitable for the evaluation of the effective action since 
systematic perturbative expansions can be easily performed. We do not consider the quanti- 
zation of Xfi^cj) and the effects from loops of the fields in this paper, although it is of course 
interesting to study them. Before computing the effective action, let us discuss some points 
to clarify our procedure. 

As well known, in the static solution of the straight ANO vortex, it is satisfied that — 
77/-\/2 and eAi + a, ~ in the distant region from the vortex core, where Oj = —diOg 
(9s is an azimuthal angle) and "~ 0" implies "exponentially small". Even in general cases 
with moving vortex strings, if we require that the energy is finite, it should be satisfied that 
(p — i]/ \/2 ^ and eA^ + ^ in the distant region from the vortex core. Furthermore, since 
7ri(t/(l)) = Z, the vortex string is topologically stable. It is therefore reasonable to expand (p 
and eA/^ + around fj/V^ and respectively in such a region. So, instead of and A^, let 
us adopt two scalar fields p, cu and a vector field Cf^ defined by 

0(x) = -^(^ + p(a;))e^-(-), (2.8) 
C^{x)^eA^{x)+a^{x). (2.9) 

After these replacements, our action still keeps the gauge invariance under a^^ — > + S^a, so 
that we get a gauge invariant effective action for when we integrate over the fields p, uj and 
C^. This fact is convenient for evaluating the effective action of the vortex string. 
In the unitary gauge, where — d^uj is replaced with 1^, the Lagrangian becomes 

+\d^pd^p + 2Xv,^p' 

-^V,J,, + vpV.V, + ^pXV, + 2AV + l^p' 

~^ f IJ,v f fxv ~l~ i^fxvpaB^ii/fpcr ~l~ iB^i,J^i,^ (2.10) 



Figure 1: Graphical representation of the propagators of p{x) and V^{x). 





ripV^Vn 




Figure 2: Graphical representation of the vertices in the Lagrangian (2.10). The circle indicat- 
ing /^j, can be actually replaced with the vorticity tensor current — 2 J^,^ through the constraint 

ffiu '^J^iU) where J^y 2^^upaJpa- 

where V^y = d^Vy — d^V^. Propagators of p and V^, which are denoted as {p{x)p{y))o and 
{Vp{x)V^{y))o respectively, are given by 

(2.11) 

(VM)). ^ e= / 1^ + ^e'M-... (2,2) 

where m'jj = AXrf and my = e^rf. The resulting Feynman rules for the propagators and the 
vertices are summarized in fig. |l] and fig. |^. 

Note that since we do not exactly know the inside structure of the vortex core when the 
vortex string is moving, it is necessary to assume its structure and introduce an appropriate 
cut-off parameter. The ansatz which we actually apply to our system is that the ^-function 
in the vorticity tensor current J^^ is regularized smoothly in the cut-off region. In this paper, 
we make use of the first expression of the following Gaussian-type regularization: 

<5f(x) = ^exp(-A\2) 

expUfc-a;-— , (2.13) 



where the second expression shows that the momentum is effectively cut off at about A. In 
this regularization, the Lorentz invariance is manifest and the conservation of the vorticity 
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tensor current, d^J^i, = 0, is also preserved. It is one of crucial reasons why our formulation 
is a convenient one to evaluate fine structures of the effective action of the vortex string and 
topological properties such as the self-intersection number of the world sheet swept by the 
vortex string. 

In systematic estimations of the order of each tree diagram for the effective action, we can 
perform the large mass expansion by powers of l/rrifj when is larger than other mass 
scales. Especially, in this large Higgs mass expansion, the propagator of the Higgs field p can 
be treated as 

{p(x)piy))o^^5^'\x-y). (2.14) 

Using ordinary relations between numbers of vertices, propagators and external lines for the 
diagrams, a simple power counting tells us that at the tree level the leading power of 1/ m^j for 
Feynman diagrams with N circle (A^ > 2), which are corresponding to parts of the effective 
action with vorticity tensor currents, is given by 

7V-2 

I ■ (2.15) 



M 



Here M are my, A or 1/-R, where R denotes the characteristic length which represents the 
smoothness of the vortex string, that is, the magnitude of higher order derivatives of X^. 
Hence, it turns out that the diagrams with smaller numbers of vorticity tensor currents are 
dominant for the effective action. 

Let us turn our attention now to the evaluation of the effective action of the vortex string. 
The leading contribution Sq to it, which has two vorticity tensor currents and corresponds to 
Feynman diagrams depicted in fig. ^ can be evaluated in the form 

2 

TTX P 

5o = ^ y d^xd^yJ^,{x)D{x - y)JM^ (2-16) 

where 

Here we have used the conservation law of the vorticity tensor current Jf^u- The form of So 
expresses that massive particles propagate between two points on the world sheet swept by 
the vortex string. 

We will now evaluate the dominant effects arising in the case where two vorticity tensor 
currents approach each other. For that purpose, we adopt the proper time representation of 
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Figure 3: The diagrams of the leading contribution to the effective action. Touching circles 
come from the l/4e^ ■ f^^f^iv term in (2.10). 

the propagator D{x — y): 

1 

dsexp[-s{k^ + m^)]. (2.18) 

After inserting it into Sq and integrating over x, y and k, then we find that 

= JTTI ds- d^ad^a'diXi^d2X,]{a)-d,X[^d2X,]{a') 

X exp {-^l^(^) - X{a')\' - sml + ^| . (2.19) 



Here note that we have used the Gaussian-type regularization of the 5- function (|2.13|) . The 
factor e~'^"^v in ( p.l9| ) indicates that the region where s is small mainly contributes to Sq 
and the factor e~^^^^'^^^'^^'^^'^"'^^ in ( p.l9|) shows that the region where X(cr) ^ X{a') is the 



dominant part of contributions to Sq when s is small. Putting these together, it turns out 
that the dominant contribution to Sq comes from the region where X{a) is near X{a'), so let 
us consider the case where a' is near a. In order to investigate the behavior of Sq in the case 
where a' is near a, we define z as z = a' ~ a and expand X^((t') in powers of z: 

X,{a') = X,{cr) + ZadaX,{a) + ^{zadafX^ + ■■■. (2.20) 



After substitution of ( ^^.20] ) in ( ^^.19] ) and integration over z, the effective action Sq takes the 
particularly simple form up to 0(1) in powers of {rriyR)'^ and (Ai?)^^: 

So = fioJ d^a^ + «o / d'a^K^,Kf„ (2.21) 

where Qab = daX^d^X^ and g = det{gab). Here 



which is the tension in the vortex string, and 

Stt 

8e 



^0 = ^1 du^;^. (2.22) 



«o = (2.23) 



K^^^ is the extrinsic curvature defined by the equation 



dadbX, = ri,dcX, + K^,n^, (2.24) 



where tt,^ are two normal unit vectors perpendicular to daX^, satisfying n^n^ = 6^^ and 
n^daXfj^ = {A = 1,2). Here we have neglected contributions from boundaries and intersection 



points of the world sheet swept by the vortex string. In evaluating the second term of ( |2.21 



we have used the fact that the scalar curvature defined by Qab is a total divergence. The first 
term in the right-hand side of ( |2.21| ) is the Nambu-Goto action and the second term is the 
extrinsic curvature squared term which was investigated from the point of view of the QCD 
string |TB|. 



Let us make a comparison between the string tension /iq and the one /i evaluated by using 
the static ANO vortex solution in the case where m^j is much larger than my. Outside the 
vortex core, one can treat as a constant ri/\/2 and the ANO vortex solution with circulation 
one is given by 

A{x) = e,,^ 1^ - 7]rK,{e7]r)^ (2 = 1, 2), (2.25) 
Asix) = 0, (2.26) 



where Ki is the modified Bessel function and r = yxf + x^ denotes the distance from the 
center of the vortex string [|l], |16|. Here the ANO vortex solution Ai{x) is regular for r 0. 
Using a cut-off A' such that m^j ^ A' ^ my, one can easily obtain the string tension fi, which 
is the energy per unit length along the third axis: 

/i ^ vrr^^ln ( — ) . (2.27) 



The dominant contribution to the string tension fi comes from the intermediate region satis- 
fying 1/A' < r < l/my- In addition, the contribution from the vortex core, which is about 
is much smaller than the dominant one. On the other hand, our string tension yUo behaves 

like 

/io~vrr/2ln( A) , (2.28) 

when A ^ my. We therefore get A A' if we require both string tensions are equal. This 
shows that our formulation is justified when we take about A' as A. Note that we should not 
use the expansion in positive powers of A /my because A 3> my, though it is valid to expand 
the theory in powers of l/m^j when m^^ is large enough. This fact is one of our grounds for 
using the expansion in powers of l/m^j. In addition, it may be worth pointing out that the 
exponential integral in the string tension /iq given by ( |2.22| ) depends on only the ratio of my 
to 2A2. 
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Figure 4: The diagram of the next leading contribution to the effective action. 



As concerns the coefficient ao, there are two remarkable points. First, it takes the non-zero 
value with negative sign, which indicates that the vortex string prefers curving as far as it is 
smooth enough. Our approximation is relevant only in the case where the characteristic length 
representing the curvature of the vortex string is large enough in comparison with the lengths 
l/rrifj, l/my and 1/A, so that the apparent unboundedness of the effective action (|2.21|) is 



not a trouble within the approximation which we have used. One may notice that our theory 
is positive definite by the definition of the Lagrangian (|2.4| ). Second, the ao is independent of 
my and A unlike the string tension /io- 

To confirm the validity of the expansion by the large Higgs mass, let us evaluate the next 
leading contribution whose diagram has four vorticity tensor currents, as illustrated in fig. ^ 
The next leading effective action Si is dominated by the case where the four vorticity tensor 
currents approach in the same time, and the dominant term becomes the Nambu-Goto term. 
Indeed, by repeating the procedure used previously, we can calculate Si\ 

Si = fiij d^a^+---, (2.29) 

where 

rri^/ I iTLy ^ 



Here /(my/4A^) in the next leading string tension fii is a complicated function of my /4A^ 
but finite. As A ^ my, this function behaves like (4A^/my){ln(my/4A^)}^ at most, so that 
the ratio of /xi to /xq is at most given by 

/ii A^ / A 



■ ^ ,\ni . (2.31) 

/io mjj \myj 

It demonstrates that this ratio is small if mf^ ^ A^ ln(A/my). Our large Higgs mass expansion 
is therefore valid under this condition on the Higgs mass. This is consistent with the power 
counting of ( |2.15| ), because ln(A/my) has been counted as 0(1) in ( ^.15| ). 



It may be worth while to point out that the calculations for /io, ao and /ii are somewhat 
similar to the ones for effective actions and j3 functions in "the zero-slope limit" of (fundamen- 
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tal) string theory or non-linear a models. More detailed investigation of this correspondence 
will be interesting. 

To make our discussion clear, let us summarize the conditions used in our approximation. 
In the evaluation of the effective action of the ANO vortex string we have supposed the fol- 
lowing four conditions, under which our approximation is justified, (i) The coupling constants 
are small: e, A < 1. (This ensures that loop effects are small.) (ii) The Higgs mass is large 
enough than the mass of the gauge field: rrtu ^ my, meaning 4A ^ e^. (iii) The vortex 
string is long and smooth enough in comparison with and Xjmy: rriH, tny ^ 1/R. {R 

denotes the characteristic length which represents the smoothness of the vortex string.) (iv) 
The cut-off parameter A of the 5-function in the vorticity tensor current is smaller than the 
Higgs mass and larger than 1/R: itih ^ A ^ 1/ R. (The condition tuh ^ A is consistent with 
the analysis in which we have used the classical vortex solution as explained under ( |2.26|) .) 
Under the conditions (ii), (iii) and (iv), the large Higgs mass expansion which we have adopted 
is allowed. We will also impose the same condition in evaluating the F^j^yF^y term in the next 
section. If one can construct a formulation for systematic evaluation of quantities on the vor- 
tex string without imposing the conditions (iii) and (iv), then one would get more interesting 
information about the vortex string. For example, it would be possible to understand deep 
relations between the effective vortex string and the fundamental string. 



3 The FnyFuy term: geometric and topological proper- 



The purpose of this section is to examine geometric and topological properties of the Abelian 
Higgs model with vortex strings. In doing so, our formulation is very useful, since we can treat 
the vortex string in arbitrary shape. To investigate these properties in detail, we concentrate 
on the topological term / defined by 



which in general appears as the chiral anomaly and the CP violating 6 term in the action. 
Here the definition of the "dual" is the following: F^^, = \e^ypaFp^. The expectation value 
(O) indicates the integral value of O over all fields V^, p, and B^^ except the vortex 
string coordinates Xp{a) in the path integral representation. As will be clarified below, this 
topological term is closely related to the geometric and topological properties of the vortex 



ties 




(3.1) 
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string such as the self-intersection number of the world sheet swept by the vortex string. 
Notice that the world sheet swept by the vortex string can intersect with itself, that is, the 
vortex string coordinate X^{a) is an immersion of a two dimensional parameter space into 
the four dimensional Euclidean space-time R'^. In subsequent subsections, first we explicitly 
evaluate / in the cases where the number of the vortex strings is conserved and the vortex 
string reconnection does not occur, then discuss its generalization. In addition, in the last 
part of this section we discuss the chiral fermion number of the ANO vortex string. 

3.1 Explicit evaluations 

First, we study the case in which a single vortex string exists and the vortex string reconnection 
does not occur. Since the gauge field is given by (C^ — a^)/e as shown in (|2.9|) and 
Vfj, = — d^ui, the topological term / can be written as 

7 = ^1 d^xif^J^, - 2V^J^, + V^,V^,). (3.2) 

We divide / into the following three pieces and evaluate them separately: 

/(^) = 1| d'xifM, (3.3) 

/^'^ = -| / d''x{V,J~,,), (3.4) 



^^'^ = ^ / d^yt^^y,-^)- (3-5) 



At the beginning, we estimate By using = which is derived by variations 

of the action ( p.4|) with respect to the topological term J*^^) takes a simpler form 

^^'^ = A / d^xJ^,{x)J^,{x). (3.6) 



4e2 

Substituting J^^, given by ( p.5|) for this, we obtain 

^^'^ = ^ j'^'^j d'ad'cx'^,,iXia))t,,{Xia')) 

x^exp |-2AV - ^|X(a) - X(a')r| , (3.7) 

where 

E^,{a) = diX[^{a)d2X,]{a), (3.8) 
and we have transformed x^ into x^ + (X^((t) + X^j(cr'))/2. Integrating over x, this becomes 

A 2 

= ^ / rfVrfV'S^,(X(a))S^,(X(a'))5(')(X(a) - X(a')), (3.9) 
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where the 5-function is regularized as (|2.13|) . (A is replaced by A/v^ in the 5-function in 
( |3.9| ).) One may worry about the contributions from points cr2, cy'2 = ±cxd, since at these 
points X4(cr) or X^la') becomes infinity and then the integral region of X4 would not run from 
—00 to +00. In order to resolve this difficulty, we introduce a condition d2X{a) = adiX{a) 
at (J2 = ±00, where a is an arbitrary function of a. By this condition the integrand of (|3.7| ) 
becomes zero at a2, (y'2 = ±cxd, so this difficulty disappears. This condition is not unnatural 
because it includes adiabatic processes satisfying 92X(cr) = at (72 = ±00. We therefore 
require this condition in this subsection. 



Eq. (|3.9|) shows that this integrand takes non-zero values when X{a) = X{a'). Since 
we are considering the immersion X^(o"), there are two kinds of contributions arising from 
coincident points where X{cr) = X{a') in space-time: the first contribution comes from 
points where a = cr' in the parameter space and the second one /2^^ comes from points where 
a^a' but X{a) = X{a'). /(^^ is the sum of ^ and jf ^. 

Now let us evaluate Ii'^ and 12^^ separately. The procedure of calculation is essentially the 
same as that of the previous section. Using the regularized 5-function (p.l3|) and the expansion 
of X^(cr') ( p. 201) , we have the first contribution 

^ = (3.10) 



where 

PSi = -^j d^^^y/gg^'e^^pM^^dbtp^ (3.11) 
is Polyakov's self-intersection number in which 

V = ^^i^[M'92X,]. (3.12) 

Here we have neglected terms which vanish in the A ^ 00 limit. Indeed, we are considering 
the case where 1 / RA is small, {R is a characteristic length representing the smoothness of the 
vortex string), so that these terms depending on A are not relevant. The PSi was discussed 
from the point of view of the QCD string involving its extrinsic geometry |l^, 0, |l^] and is 
proper to four dimensional space-time. 

Next we will evaluate the second contribution 12^^ Suppose that the world sheet swept 
by the vortex string intersects with itself transversally at many isolated points x = pi, . . . ,Pn'- 
X{ap.) = X((Tp.) at (J = (Tp^ and a' = a'p,, where 7^ a'^^. In the neighborhood of a "self- 
intersection" point X = Pi, we can expand X^(cr) and X^(cr') around a = ap. and a' = a'^. 
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respectively: 

X,ia') = + <a„X^«) + . . . , (3.13) 

where w = a — ap. and w' = a' — a'p. . Using the fact that at the point x = pi 

6^^\Xia)-Xia')) = ' 6^^\w)6^^\w'), (3.14) 

\hf,^{X{apJ)hf,^{X{a'pJ)\ 

we find that a local contribution to 12^'' at x = pi is 167r^5'/„(pi)/e^, where 

SUp,) = sign[S^,(X(apJ)I]^,(X(a;j)] (3.15) 

is a local intersection number at x = Pi, namely a suitable sign determined by the relative 
orientation at x = pj. Here we have neglected terms which vanish in the A ^ oo limit. The 
total contribution to 12^^ is the sum of local contributions at all pi's: 



where 



/^^ = ^Slrr, (3.16) 



SIn = J2SInip^) (3.17) 



i=l 



is the self-intersection number of the world sheet swept by the vortex string. 
Thus, collecting ( p.lO| ) and ( |3.16| ), we get 



/« = -^P5, + ^54. (3.18) 

Next we explain that J*^^-* and I^^^ do not contribute to /. At the leading order of powers 
of l/rriH, Z*-^^ and /'•^^ are respectively given by 

/^'^ = 1/ d''xd'ye,,,J,,{x)Uiy)d;d:^{VAx)VM)o, (3.19) 
I^'^ = d'xdSd'ze,,,,Up{y)f,s{z)dldl{V,{x)Vp{y))o 



xdld'^{V,{x)Vs{z))o. (3.20) 



We can compute J*^^-' in the same way to evaluate the effective action and show that the leading 
term in powers of 1/A, which is proportional of PSi and Sin-, becomes zero and remaining 
parts vanishes in the A ^ oo limit . The difficulty at o"2, (J2 = ±00 which was mentioned 
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in evaluating I^^^ also appears, but this can be removed by imposing the same condition. To 
show J(^) = exactly, it is convenient to rewrite the right-hand side of ( |3.20D in the following: 



=4 J d*xdSd''ze^,pJ^MMz)dldlD{x - y)d;d',D{x - z), (3.21) 
where D{x — y) is written as ( p. 17] ). Furthermore, using E{x — y) defined as 



d^k 1 
(27r)4(A:2 + m2.)2' 



-y)= I ::s.n.. ;^2^. ^^'^^"^^ (3-22) 

I^^^ becomes 



/(3) = 4 J d'yd'ze,,pJ^,{y)f,„{z)dldldldyE{z - y). (3.23) 

From this we can easily see 
After all, I is given by 

/ = -'^PS^ + ^Sln. (3.24) 

e e 

This indicates that the expectation value of the F^yF^y term becomes the sum of Polyakov's 
self-intersection number and the self-intersection number of the world sheet swept by the 
vortex string. The interesting relation between the geometric and topological quantities J, 
PSi and Sin may be useful in studying the role of the 9 term in systems with the vortex 
string. Note that PSi and Sin are different types of self-intersection numbers. 

The next issue is to examine the relation between two kinds of self-intersection numbers 
{PSi and Sin) and geometric and topological quantities defined at the boundary of the world 
sheet where a2 = ±oo. (For simplicity, we have set the initial "time" for — oo and the final 
"time" for +oo.) First, as will be proved in appendix A, we can find that PSi is written as 
the difference between the initial total twist number and the final one: if we take a gauge such 
that (72 = X4 = t and assume that X = aX' at t = ±00, then we get 



PS, = -AT^{X{t)-n{t)) 

where 



t=+oo 

(3.25) 

t=~-oo 



T^{X{t)- n{t)) = ^ / d(y^[e{ai,t) x n((Ti, t)] ■ n'(ai, t) (3.26) 

is the total twist number in which e = X' /\X'\ and the prime denotes the differentiation by 
(Ti. Here n(cri, t) is a smoothly varying unit vector which is perpendicular to X' at each point 
and is a periodic function of ai with period 27r: -n? = 1, n-X' = and n(cri + 27r, t) = n{ai,t). 
This total twist number is a geometric quantity dependent on X locally and on the topological 
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X + en 




e n 



Figure 5: The solid line and the dotted line denote a vortex string X and a fictitious one 
X + en, respectively. The self-linking number of X is defined as the linking number of them. 
In this figure, the self-linking number is zero. 




Figure 6: The vortex string (the solid line) crosses the fictitious one (the dotted line) twice at 
a crossing point in a projecting plane. 

class of n, but not a topological invariant. If we modify n globally, then the total twist 
number changes by some integer. This ambiguity will be settled when we consider the self- 
linking number together, as will be discussed later. Note that this total twist number can be 
interpreted as the spin factor in three dimensions, which is related to the torsion of a path 
]19 . 

We next consider the relation between the self-intersection number and the self-linking 
number. The self-linking number SL}^{X{t)\n(t)) at t is defined as the linking number of a 
vortex string X{ai,t) and a fictitious vortex string X{ai,t) + en{ai,t), where n is equal to 
the one used in the definition of the total twist number (see fig. This self-linking number 
is independent of e and is a topological invariant which can take only integer values. One 
can think of this "framing" as a thickening of the vortex string into a ribbon bounded by X 
and X + en. As shown in appendix B, the intersection number of two world sheets swept 
by two different vortex strings coincides with the difference between the linking number at 
t = — oo and that at t = +00. When the vortex string X crosses the fictitious one X + en at 
a crossing point in a projecting plane, as illustrated in fig. |^, they crosses twice each other at 
the point. Thus, the self-linking number turns out to be twice the linking number of X and 
X + en. On the other hand, the self- intersection number of the vortex string X^{a) is equal 
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to the intersection number of X^{a) and + en^(a) as e ^ 0. Therefore, we obtain 



SI^ = --SLk{X{ty,n{t)) 



t=+oo 



: (3.27) 

t=~oo 



the self-intersection number of X^{a) is the half of the difference of the self- linking number at 
t = — oo and the one at t = +00. 

Using the relations between the quantities defined in the "bulk" and those defined at the 
"boundary" as in ( |3.25D and ( |3.27| ), we obtain 

,2 



e2 



SL,iX{ty,nit)) ~TUXity,n{t))Y (3.28) 

J £=—00 



Furthermore, as was shown in [EOl (see also 211), the combination SLk — T,,, is free from the 



ambiguity of the definition of n and is called the writhing number Wr'. 

SLk{X{ty, n{t)) - T^{X{ty n{t)) = W,(X(t)), (3.29) 

where 

Here F denotes the configuration of the vortex string X{ai,t) (see also appendix B). Conse- 
quently, we can represent / by using the writhing number: 

^''\wr{X{+oo))-Wr{X{-oo))]. (3.31) 



e2 

When the vortex string intersects with itself transversally, the writhing number changes by 
2 before and after the time of intersection. Note that the writhing number is a geometric 
quantity, which is a continuous function except at the time of intersection. 

Although we have considered the case with a single vortex string as yet, it is easy to extend 
the result on a single vortex string to the case with many vortex strings. In the case with n 
vortex strings Xp{a) {p = 1, ■ ■ ■ , n), there appears a new contribution to / given by 

— Yl / d'ad'a'i:,,iX,ia))t,,iX,ia'))5^'\Xpia) - X,ia')y (3.32) 

By using the same argument in evaluating the self-intersection number, this contribution can 
be computed to be the sum of intersection numbers between different vortex strings: 

— In{Xp,X,), (3.33) 
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where denotes the intersection number of two different vortex strings Xp and Xq. 

Furthermore, as shown in appendix B, the intersection number is represented as the difference 
between the hnking number at t = — oo and that at t = +00, so we get 

t=+oo 



Y^WriXp{t))+ Y: L,{Xp{t),X,{t)) 

p=l 



(3.34) 



t=—oo 



The first term comes from "self-interactions" of vortex strings and the second one comes from 
"mutual interactions" between different vortex strings. Note that the writhing number serves 
as a measure of the right-left asymmetry of the vortex string, that is a measure of its chirality 
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3.2 Generalization 

Until now, we have considered the case in which the creation, annihilation and reconnection 
of the vortex string do not occur. However, if we adopt several natural assumptions, we can 
get more general results which include our results ( 3.34|) and the ones in the cases where the 
number of vortex strings is not conserved. The first key to the generalization is the observation 
that in the previous subsection the massive gauge field (or V^) had no effect in evaluating 
/ at least at the leading order. It is therefore perhaps natural to assume that this is the case 
even in more general cases at the leading order. The second key is that the F^^F^i, term 
can be rewritten as a total divergence: F^yF^y = e^yp^d^{A^Fp^). We assume as usual that 
^uupaAuFp^ is continuous and F^u becomes zero in the spatial infinity, so that we get 



d?x{eijkAiFjk) 



t=+oo 



t=—oo 



(3.35) 



Furthermore, using the first assumption that (or V^) does not contribute to I and the fact 
that = {C^ — a^)/e, I can be written as 



o2 I ^ "^^ijk^ifjk 



t=+oo 
t=—oo 



(3.36) 



As an example, let us consider the case where no vortex string exists at the initial time and 
only one vortex string X exists at the final time. Since satisfies = — 2J^j,, is easily 
solved in the Coulomb gauge ditti = at the final time t = +00: 



ai{x,t 



+00 



2 ^^^^ Tt, ""^3 



, [X- y)k 
r \x — y\-^ 



(3.37) 
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where F denotes the position of the vortex string X{ai,t = +00). Here we have taken the 
A — > 00 hmit . As a result, we obtain 

WriX{t = +00)), (3.38) 



e2 



where the path of the integral in this writhing number ranges over the position of the vortex 
string at the final time X{ai,t = +00). This result ( p.38| ) can be easily extended to more 



general cases where m vortex strings exist at the initial time and n vortex strings exist at the 
final time: 



Wr{t) + Lk{t)Y (3.39) 
J £=—00 



where Wr{t) and Lk{t) denote the sum of the writhing numbers of each vortex string at t and 
the sum of the linking numbers between vortex strings at t, respectively (see ( [B.7|) ). Taking 
n = m, one can easily see that this generalized result (|3.39| ) includes the previous result ( p.34| ) 
which has evaluated exactly at least at the leading order. We can examine the chiral fermion 
number of the ANO vortex string by using ( |3.39| ) or ( |3.31| ), as will be shown in the next 
subsection. 

It is worth emphasizing that the explicit evaluation of I such as ( |3.24| ), ( |3.31| ) and ( ^.34| ) 



is important and necessary itself because through it we can find several interesting relations 
between geometric or topological quantities and without ambiguities we can realize the cases 
in which the creation, annihilation and reconnection of the vortex string do not occur. The 
explicit evaluation is of course necessary to justify the generalization where several assumptions 
are made. 

3.3 The chiral fermion number of a closed ANO vortex string 

It was pointed out that if topological defects are coupled to fermions, they might have fermion 



numbers p2|. In this subsection, using the results obtained in sect. |3]l| and sect. |3^ , we 
derive the chiral fermion number of the ANO vortex string in arbitrary shape. 

We consider models with anomalous global U{1) symmetries and local U{1) symmetries 
which are spontaneously broken. Although our consideration is model-independent, for defi- 
niteness, let us consider the following model defined by 
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This Lagrangian has a chiral symmetry ip — >■ e^^^^ip which is anomalous, so that the conserva- 
tion law of the chiral current becomes 

^mO-J) = -^^{FM, (3.41) 



where = iplfilsi^- Thus the chiral fermion number 

Q, = -ij d^x{j!) (3.42) 

satisfies 

2 

g5(+oo) - g5(-oo) = - 1 d^x[V,{jf) + -^{F^uF,,)]. (3.43) 

In order to calculate the chiral fermion number of a closed ANO vortex string, we consider a 
field configuration which starts at the trivial vacuum when t = —oo and arrives at a closed 
ANO vortex string configuration when t = +oo. We assume that the field configuration at 
spatially infinity is topologically trivial all the time. This is possible because we are considering 
a closed vortex string. As a result the first term of the right-hand side of ( p.43| ) does not 
contribute to Q^. Substituting (|3.39| ) for the second term of the right-hand side of (|3.43|) , we 



get 

Q5(+oo) = WriX), (3.44) 

where X denotes the position of the vortex string at t = +oo. In general, Q^l+oo) has two 
kinds of contributions: the first comes from the fermion production and the second comes from 
the chiral fermion number of the ANO vortex string. However, since the first contribution 
affects only integer part of and Wr{X) can take non-integer values, we can conclude that 
the closed ANO vortex has a non-zero chiral fermion number related to the writhing number: 

Ql°''''^ = Wr{X) (modZ). (3.45) 

Here we make some comments, (i) To derive ( |3.45D , we have used the relation ( ^.3ij| ) 
which needs several assumptions. If we only use the explicitly evaluated result ( |3.31| ), we 
obtain AQ™''*'^^ = AWr{X) (mod Z). Namely, the change of the chiral fermion number 
of the ANO vortex string is equal to the change of its writhing number. Thus Q™''*'^^ = 
Wr{X) + const (mod Z), where ^^const" does not depend on the shapes of the vortex string. 



(ii) We have imposed the condition = adiX at t = ±oo" to obtain (|3.31D, but in 



evaluating the chiral fermion number this condition is automatically satisfied since in this case 
we have only to treat the vortex string which moves adiabatically p3| . 
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There may be interesting phenomena when the vortex string passes through itself, because 
the writhing number Wr suffers discontinuities and changes by ±2 at that time. Anyway, we 
reahze that the shapes of the vortex string must be important to investigate the anomalous 
fermion production through the ANO vortex string. 

4 The vortex string in a model with a broken global 
U{1) symmetry 

The application of our formulation is not restricted to only the Abelian Higgs model. Using 
the "topological" formulation, we can also treat the vortex string in a model with a broken 
global U{1) symmetry. Although this model is simpler than the Abelian Higgs model, some 
differences appear, which are briefly sketched in this section. The Lagrangian with a broken 
global U{1) symmetry in the Euclidean formulation is given by 



where cp is a complex scalar field. As explained in sect. 2, it is convenient to use the following 
Lagrangian in considering the dynamics of the vortex string: 



Here is a f/(l) gauge field for the vorticity, B^^i, a rank two antisymmetric tensor field, f^i, 
a field strength tensor of a^. The definitions of the complex scalar field and the vorticity 
tensor current Jfj^^ are given by (|2.3| ) and ( |2.5|) , respectively. This Lagrangian is equivalent to 
( |4.1| ) in the same sense that ( p.4| ) is equivalent to (|2.1|). 

In order to estimate the effective action of the vortex string, we take the unitary gauge 
and replace the fields as follows: 




(4.1) 




(4.2) 



<f){x) = ^(r^ + p(a:))e'"(") 



(4.3) 
(4.4) 



Thus the Lagrangian becomes 



-d,pd,p + 2Xr]'p' + -r^'U,U, 




(4.5) 
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where U^i, = d^U^ — d^U^. At first sight the propagating mode looks to be only the p field, but 
the field contains a massless mode implicitly, as will be explained below. The evaluation of 
the effective action can be performed as in the Abelian Higgs model. As before the propagator 
of the p field is given by 

W:.)p(y)>o = /(|^^.'"->. (4.6) 

where = AXr]"^. Furthermore, we can use the large mass expansion by the powers of I/uih- 
After integrating over the p field, we get at the tree level 

^ = + ^(^^iupaB^uUpa + iB^^J^^ H , (4.7) 

where "• ■ ■" in ( ^4.7|) denote terms with more than one piece of U^U^. Using ordinary relations 
between numbers of vertices, propagators and external lines for diagrams, one can find that 
the terms with N pieces of U^U^ are suppressed by 2(A^ — l)-th powers of I/itlh- Therefore, 
if satisfies a condition f/^ <^ Tnu-, we can perform a systematic approximation by using the 
large Higgs mass expansion. In the last part of this section, we will show that this condition 
is satisfied if cut-off parameters in the present model are smaller enough than mu- 

Now let us explain how a massless mode, which corresponds to the Goldstone mode, is 
derived from the above Lagrangian ( ^.7| ). Integrating over B^^, the partition function Z 
becomes the following form: 

Z = j VU^5{e^,p„Up, + J^,) exp(- j d^xKfU^U^ + ■■■), (4.8) 



where "■ ■ ■" in ( [4.8|) are the same terms as in (4^). To integrate over t/^, the constraint 



^fiiypaUpa + Jp,u = must be solved to be 



Ui{x) = — / d'y- reijkdp^k{y) + — 5i7r(x), (4.9) 



5~ / d^y-\ — - — T(^ijkdpAk{y) + — ' 

87r J \x — y\ ■' 7] 

= / d'y^^-^e,,kdUjk{y) + —d^^), (4.10) 
iOTT J \x — y\ T] 

where 7t{x) is an arbitrary function and y^ = x^. This arbitrary function 7r(x) reflects the 
"gauge symmetry" of the above constraint for U^. However 7c{x) cannot be flxed through this 
"gauge symmetry" because the integrand exp(— / d'^xrfU^U^/2 + ■ ■ ■) in ( [4. 8] ) is not gauge 
invariant. Indeed, after integrating over f/^, we get 

Z = J V7iexp{- J d^xd^nd^n + ■ ■ ■). (4.11) 
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One can easily find that the terms "■ ■ ■" in ( [4 .111) do not contain a quadratic term of 7r(a;), so 
7r(x) represents a massless physical mode. 

At the leading order of the large Higgs mass expansion, the Lagrangian ( [4.5| ) is reduced to 
a more familiar form, which can be written as 

-Co = ^V^Uf,U^ + ie^^yp^B^Mpa + iB^yJ^y. (4.12) 



If we first integrate over t/^ in ( [4.12| ), then the Lagrangian becomes 

4 

3?7 



'^0 = -;^HpvxHfivX + iB^yJ'^'^, (4.13) 



where 

H^ux = d^B^x + dxB^, + d.Bx^,. (4.14) 

Thus in the large Higgs mass limit, this model gives rise to the Kalb-Ramond model coupling 
to the vortex string through J^^ This fact was pointed out by other authors In 



the total action obtained in p5[, however, there appears a term with the inverse of |0|, which 
is proportional to l/|0p ■ if^jypil^i/p, so that an infinit number of vertices of p comes out in 
the perturbative expansion around the non-zero expectation value r] of the Higgs field. On 
the other hand, in our formulation where the starting Lagrangian is (|4.5| ) (or (|4.2| )), there 
appears only a finite number of vertices of p, so that it is easy to perform the perturbative 
expansion in a systematic way. This advantage of our formulation becomes clearer in the 
evaluation of higher order corrections. In addition, it is also remarkable that we have two 
different descriptions of the model ( [1.1 1| ) and ( [4.13[ ), depending on the order of integration 



over f/^ and B^i, in ([4.7| ) or ( [4. 51) . This can be regarded as a kind of "dual transformations" . 

Finally, we comment on the cut-off parameters which are necessary for justifying the large 
Higgs mass expansion. In order to satisfy ^ m//, we have to introduce two types of cut-off 
parameters: the first is the cut-off A for the (5-function in J^^, which was introduced in the 
ANO vortex string case (see ( |2.13| )) and the second is the "cut-off" restricting the momentum 
of the massless mode tt{x). Now let us imagine a circle C which is on a plane perpendicular 
to a tangent direction at a point on the vortex string and has a radius r from that point. 
When r > 1/A, the first terms in ( |4.9| ) and ( [4.10| ) roughly coincide with —0^9 [9 is a solid 
angle subtended by the vortex string) and this d^^O takes almost the same value on the circle 
C, thus satisfying f^dx^^d^O = 27t and §(jdx^d^9 d^O x 27rr. As a result, we find d^O ^ 1/r 
on the circle C. On the other hand, when r < 1/A, the first terms in ( [4.9|) and ([4.101) are 
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smaller than A on the circle C because we are regularizing the 5-function in J^j, by the cut-off 
A: for example, in the case of a straight vortex string, the first term at r = becomes zero. 
Putting both cases together, the first terms turn out to be smaller than A in the whole region. 
Furthermore, since the momentum of tt{x) is limited by the second "cut-off", the second terms 



in ( [4.9|) and ( ^4.1CI|) are smaller than the second "cut-off" . Therefore, if the cut-off parameters 



are smaller enough than uih, the condition t/^ <^ mn is satisfied. 

5 Conclusions 

In the preceding sections, we have developed the "topological" formulation which allows the 
systematic analysis of the effective vortex string in arbitrary shape and have applied to the 
Abelian Higgs model and the model with a broken global U{1) symmetry. Using our for- 
mulation, in particular, we have evaluated the effective action of the vortex string and the 
expectation value of the topological F^^F^j^y term. As a result, many geometric and topological 
quantities concerning the vortex string have been derived. From the effective action of the 
ANO vortex string including the Nambu-Goto term and the extrinsic curvature squared term 
with negative sign, one can realize the motion of the vortex string, which indicates that the 
vortex string prefers curving as far as it is smooth enough. Furthermore, we have found that 
the ANO vortex string has a non-zero chiral fermion number related to the writhing number 
(modulo Z) and have suggested that interesting phenomena such as the anomalous fermion 
production might occur through intersection processes of the ANO vortex string. It should be 
emphasized that the chiral fermion number of the ANO vortex string depends on its "shape". 
In addition, we have shown remarkable relations between J, PSj, Sin, T^, SLk and Wr in 
dX^), ( p:^ , { ^^ ), ( p:^ , (p:^ ), ( p:^ and ( p:^ . They must be useful themselves in 



studying geometric or topological properties of the vortex string and the role of the 6 term. 

In our "topological" formulation, there have appeared non-zero extrinsic quantities of the 
ANO vortex string such as the extrinsic curvature squared term, Polyakov's self-intersection 
number and the writhing number. On the other hand, it was argued that there appears 
no extrinsic curvature squared term in the effective action of the ANO vortex string in the 



formulation based on Forster's parameterization of coordinates |27|, which we call the Forster- 
Gregory (FG) formulation. Furthermore, if one evaluates the topological Ff^^F^iy term by using 
the FG formulation, this term turns out to be zero at least at the leading order. This is due to 
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the fact that the electric field vanishes in the static ANO vortex solution, which is applied at 
the leading order in the FG formulation. Note that F^j^F^^ ^ B E, where S is a magnetic field 
and E an electric field. In our formulation, as we have said, we have found the F^^F^y term 
to take a non-zero value at the leading order. It is not easy to compared the FG formulation 
with ours, because in the FG formulation the equation of motion is used instead of the path 
integral representation which we have adopted. However, these discrepancies between the 
FG formulation and ours likely come from the differences between the parameterizations of 
coordinates and the regularizations of the vortex core in each formulation. 

We would like to stress the following points, (i) In our formulation, the Lorentz invariance 
and the conservation of the vorticity are manifestly satisfied all the time. Indeed, we have 
used the Lorentz invariant Guassian-type regularization for the ^-function in the vorticity 
tensor current. Furthermore, the static ANO vortex solution, which is not Lorentz invariant 
at first sight, is not used at all. (ii) Our perturbative calculation (e.g. by the large Higgs 
mass expansion) is systematic and efficient. In addition, the path integral representation is 
convenient to evaluate physical quantities on the vortex string in a systematic manner, (iii) 
Our formulation can be applied to the model with a broken global U{1) symmetry as shown 
in sect. 4, while it is difficult to adopt the FG formulation for that model, (iv) Using our 
formulation, the dynamics of quantized vortices in superfiuid can be examined [^. In this 
case, the effective action of the vortex string turns out to be of the same form as the action 
of a vortex string in an incompressible perfect fluid, so that we can explain the phenomena in 
experiments on the quantized vortex by applying our formulation. On the grounds mentioned 
above, our "topological" formulation is reliable. 

Our formulation can be directly applied to superconductor systems, the cosmic string 
model and grand unifled models with extra U{1) symmetries. In particular, it is of interest to 
investigate the possibility of the fermion number violation by the vortex string in more detail 
in various cases including the Weinberg-Salam theory. It will be also suggestive to examine 
strings and gravity from the point of view of the effective string. 
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Appendices 



A Relation between Polyakov's self-intersection num- 
ber and the total twist number 



In this appendix A, we derive the relation (|A. 1|) under the assumption X = aX' aXt = ±00 



where a is some arbitrary function of (cri,t): 

t=+oo 

levr 



(A.i; 

t=—oo 



^— J (fa^g^^'e^^pMi^ud^tp^ = -T^{X{t);n{t)) 

Here tp^ = diX]^pd2Xy-^l ^ and the total twist number is defined as 

T^{X{t)-n{t)) = ^ (f dai[e{ai,t) x n{(ri,t)] ■ n'{ai,t), (A.2) 
Zn J 

where e = X'/\X'\. Since the assumption X = aX' at t = ±00 coincides with the condition 
d2X = adiX at t = ±00 which has been required in sect. 3.1 (see under ( |3.9| )), it is not 
unnatural. 

Let us first rewrite the left-hand side of ( [A.l| ) by the extrinsic curvature. The extrinsic 
curvature of the world sheet X^{a) is defined as 

dad,X^ = K^d^X^ + K^,n^. (A.3) 



Here F^^ is the Christoffel symbol in terms of derivatives of gab and is a unite vector 
satisfying n^n^ = 5^^ and daX^n^ = 0. In addition, we choose such a direction of as 
e^^paul^nldiXpdiX^ > 0. Using ( [TOI) , ep^p^daX^dbX^d^Xp = and ep^p^n^n^daXpdbX^ = 



y/g e^^eab, we obtain 

^ I d'a^g%,,pM,udbtp. = ~^J d'^ag'^'e^^e.aKiKl^^. (A.4) 
There is another expression of the right-hand side of (|A.4|) : 

- i- / d-'ag'^'e^^e^.KiK^, = J d'ae^^eMn^pdbU^^). (A.5) 
The above relation is derived by using e^^eab{n^dan'^){n^dbn'^) = and 

dan^ = -(r^^9,r^f)nf - i^f,/^9,X,. (A.6) 
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Eq. (|A.6|) is proved easily by ( |A.3| ) and the completeness of the vectors daX^ and n^. Com- 
bining and (^3]), we get |T§ 

^ J d^cx^g'^^.pM^.udbtp^ = ~^J d^^^^^'eabdain^dbu^). (A.7) 



We can construct explicitly by using a vector 
and n(ai + 2n, t) = n{ai,t): 



(n, 0) satisfying = 1, X' ■ n = 



n,. 



n,. 



a 



' „ ^^lupa'^u^ pa- 



ri, 



[n ■ d2X) 
9 



(A.8) 



If (7 7^ and n"^ 0, g — {n ■ d2XYgii is not zero, so the above are well-defined. One 
can easily see that these satisfy the conditions such that n^n^ = 6^^, daX^w^ = and 
^p.upan]jnldiXpd2Xfj > 0. Since n and X^ are periodic functions of (Xi, also become periodic 
functions of ai. Thus the integral of e^^di{n^d2n^) vanishes, and the right-hand side of ( |A.7| ) 
becomes 



27r 



dai{n]^din 



2^ 



Substituting ( |A.8| ) for ( [A .91 ), the integrand nj^diuj^ becomes 
1 



(A.9) 



d,Xpd2X,. (A.IO) 



Now we take a2 = X^ = t gauge. By the assumption X = aX' at t = ±oo, n ■ d2X vanishes 
and g becomes as t ^ ±oo. Therefore, we obtain 



1 



t=+oo ^ 



t=—oo 
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dai[e{ai,t) x n(cri,t)] ■n'{ai,t) 



t=+oo 



t=—oo 



(A.ll) 



From ([AJlD and (lAl ), O holds 



B Relation between the intersection number and the 
hnking number 

In this appendix B, we explain the relation between the intersection number and the linking 
number. 

There are many methods for defining the linking number, all of which are equivalent. Our 
definition in this paper is the following (see ||26|). Let J and K be two disjoint oriented knots 
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in R^, which are corresponding to vortex strings at a fixed time t. Consider a "regular" 
projection of J and K to any plane. At each point q (i = 1, ■ ■ ■ ,m) where J crosses K in 
the projecting plane, sign(Q) is defined as +1 for the case depicted in the left picture of fig. 
and —1 for the case depicted in the right one of fig. 0. The linking number of J and K, 

K J K J 

w 

+1 -1 

Figure 7: The definition of sign(cj). J crosses K at a. point q in a projecting plane. 
Lfc( J, K), is defined by the half of the sum of all signs at q's: 

1 m 

L,(J,ir) = -^sign(Q). (B.l) 

i=l 

The linking number satisfies Lk{J,K) = Lk{K,J) and Lk{—J,K) = —Lk{J,K) where — J is 
J with the inverse orientation. 

Next consider two different world sheets X^{a) and Y^{a') which intersect transversally at 
Pi {i = 1, ■ ■ ■ , n). We take a gauge such that a2 = X4 and (T'2 = Y4, and identify X4 and Y4 
as "time": X4 = ¥4 = 1. Let us look at the neighborhood of a intersection point p = (p,p4) 
among pi's. (We can get the total result by collecting the local contributions at Pi's.) If two 
vortex strings move from a state such as the left picture of fig. ^ to a state such as the right 
one of fig. ^ as time goes from t < p^ to t > p^, the linking number of X{ai,t) and Y{cr[,t) 
changes by —1: 

Lk{X, Y; t>p4)- LkiX, Y; t < p^) = -1, (B.2) 

where Lk{X, Y; t) indicates the linking number of X and Y at t. 

On the other hand, in our gauge, the local intersection number of X^(cr) and Yfj_{a') at p 
is given by 

In{p) = sign[S^,(X)S^,(r)] = sign[e,,fcX;y/(n - Xfc)]. (B.3) 

When the location of two vortex strings changes from the left picture to the right one in fig. 
^ then the above sign becomes +1, namely the intersection number at p is +1. Therefore, 
it turns out that the local intersection number at p coincides with the difference between the 
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X - Y 

Figure 8: A example of the two different world sheets X^{a) and ^^(cr') which intersect 
transversally at {p,Pi). The configurations of X{ai,t) and Y{a[,t) at t < p4 are illustrated 
in the left picture, and the ones at t > ^4 in the right picture. The solid arrows denote the 

tangent vectors X' and Y', and the dotted arrow denotes the vector X — Y. 
linking numbers of X and Y before and after the time t = p^: 

t>p4 
t<p4 

Repeating the consideration above at each local intersection point pi, we obtain 

t=+oo 



In{p) = -Lk{X,Y-t) 



(B.4) 



h[X,Y] = -U{X,Y-t) 

where 



(B.5) 



4[X,F] = ^4(p,) (B.6) 

i=l 

is the intersection number of X^{ct) and y^(cr'). We conclude that the intersection number of 
the world sheets is equal to the difference between the linking number at t = — 00 and that at 
t = +00. 

On the other hand, the linking number of J and K defined by (|B.1|) is equivalent to the 
Gauss linking number, which can be written as 

(B.7) 

where x ranges over J and y over K. Eq. ( p.7|) has used in sect. 3.2. Assuming J = K, this 
Gauss linking number becomes the writhing number of J. 

Finally, we comment on the writhing number Wr defined by ( p.30[ ). Let us parameterize x 
and y ranging over the path F in (|3.30|) as X{ai) and X{a[) respectively, where < ai < 27r 
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and < a[ < 2tt. Furthermore, define the domain D = {o"^|cri — 6 < (t[ < ai + 6} where 5 
is a small constant, and then expand X{cr[) around a[ = ai. Inserting the expanded X{cr[) 
into the numerator and the denominator in the integrand of the writhing number ( p.30|) , we 
find that the numerator and the denominator behave like |(T^ — cxil'^ and |o"^ — o"i|^ respectively. 
The behavior \a[ — cxi\^ of the numerator is due to the antisymmetric property of the e tensor. 
Therefore, the writhing number is not singular in the region where X{ai) = X{a[) (i.e. 
X = y) since the integrand of the writhing number behaves like |cr^ — in D, that is in the 
domain where (y[ ^ ai. Here we have assumed that the path F does not intersect with itself. 
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